
Lecture 13. Higher-order Linear Equations  
In this section, we will generalize the results we discussed in the previous lectures. Here is an outline:
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1. General Solutions of Linear Equations  

1.1 Linearly Independent Solutions  

Definition of linearly dependent/independent  

The  functions  are said to be linearly dependent  on the interval  if there exist constants 
 not all zero such that 

 

for all  in .

The  functions  are said to be linearly independent on the interval  if they are not linearly 
dependent.  Equivalently, they are linearly independent on  if

 

holds on  only when 

 

 

 

 

 

 

 

⼀



Example 1 Show directly that the given functions are linearly dependent on the real line.
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Wronskian of  functions  

ANS : 1) By def ,weneedtofind G
,2
,
Cs

not all zeros such that

(f (x) + Cag ( x ) + csh (x ) = 0

⇒ G3 + C 22 COsX + C3 COS 2X = O

"

Cos2x + 1

⇒ C3 + ( 2Cos2x + 1 ) + C3 cos 2x = 0

Let 6a = I , C3 = - 1 we have

G. 3 t COS 2xt 1 -x= 0 ⇒ C , = ⼀号
Thus

- 号 . 3 + 1 . 2 cos'x - cos 2x = 0

so toxl , goxl , hix ) are linearly dependent bydef ,

(2) ,
WeneedtofindC ,Ca,Csnotall zeros
guch that

Gftaag + c3 h = 0

⇒ Ci5 + C2 ( 2-3x
^

) + C3 ( 10+ 15x2) = 0

Let C2 =5 , C 3 = 1
,
then

C.5 t 10 - 15x
2

+ 10 + 15x
*
= 0 ⇒ Ci5 = - 20

⇒ C1 = - 4

Tlhus - 4 . 5 +5 [ 2
- 3x ] + 1 . ( 10 + 15x

^

) = 0



Wronskian of  functions  

Suppose that the  functions  are all  times differentiable. Then their Wronskian is the 
 determinant

 

The Wronskian of  linearly dependent functions  is identically zero.

Idea of the proof:

We show for the case . The case for general  is similar.

If  and  are linearly dependent, then   has nontrivial solutions for  and 
 (  and  are not all zeros).

We also have  from .

Thus we have the linear system of equations

 

By a theorem in linear algebra, the above system of equations has nontrivial solutions for  if and 

only if the determinant of the coefficient matrix is , that is,

 

So to show that the functions  are linearly independent on the interval , it suffices to 
show that their Wronskian is nonzero at just one point of .

 

 

 

 

 

 

 

 

 

 



 

1.2. -th order linear differential equation  

The general nth-order linear differential equation is of the form

 

We  assume that the coefficient functions  and  are continuous on some open interval .

Homogeneous linear equation  

Similar to Lecture 8, we consider the homogeneous linear equation

 

 

Let  be  solutions of the homogeneous linear equation (1)  on the interval I. If  are 
constants, then the linear combination 

 

 is also a solution of Eq. (1) on .

 

 

Let  be  linearly independent solutions of the homogeneous equation 

 

on an open interval I where the  are continuous. If  is any solution of Eq. (1), then there exist numbers 
 such that 

 

for all  in .
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Example 2 Use the Wronskian to prove that the given functions are linearly independent on the indicated 
interval.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Remark : 3X 3 matrix letermiant :

a b c d f
+ c

d

d ef
= a 台 { 不 blgi 1 g :

g
n i

= alei- fh) - bldi- fg ) + ccan- eg
)

ANS : By the previous page , we know it suffices to show

that WIf ,gih) to at just one point on the
real linea

.

ex CoSX simx

ω (f,g ,
n ) =

5 g a

⼆
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fig '
h

f
"

g
"
h
" ex - CosX - sohx

= ex
- sinxcosx- cosxex

cosx
taihx ex - inx

- o5x- sihx ex-imx ex - cosx

1

= e
* ( sin> x +cosx ) - cosx (- exsinx- e

*
cosx) tsinx (-*cosx te

*

inx⼀
= ex t e

* cosxsinx te
*cosx- exmhecosxtexaintx⼀
⼀
⼀ ⼀

⼀= ex t exCain
'

x tcos
2
x ) = 2ex to for all xElk .



 

Higher-order Homogeneous Equations with Constant Coefficients  

Recall in Lecture 10 and Lecture 11, we talked about 2nd-order homogeneous equations with constant 
coefficients of the following form

 

To solve for , we first solve for  from the characteristic equation 

 

which has roots .

Case 1. ,  are real and  ( ):

General solution: 

Case 2. ,  are real and  ( ):

General solution: 

Case 3. ,  are complex numbers ( ): 

We can write .

 

In this lecture, we will discuss how to solve the general homogeneous equations with constant coefficients of 
the form

 

Similar to 2nd-order homogeneous equations, we look at the corresponding characteristic equation: 

 

We have 3 cases of the roots for Eq .

1. Distinct real roots

2. Repected real roots

3. Complex roots

distinct

repeated

 

 

 

 

Thus fol , gexl, ne) are linearly independent ,



 

The results in Lecture 9 and 10 can be generalized in a natural way:

Case 1. Distinct Real Roots

If the roots  of  are real and distinct, then

 

Case 2. Repeated Real Roots

If Eq  has repeated root  with multiplicty , then the part of a general solution of  corresponds to  is

 

 

Case 3. Complex Roots

Unrepeated complex roots: If  are roots of the characteristic equation, then the corresponding 
part to the general solution 

 

Repeated complex roots

If the conjugate pair  has multiplicity  then the corresponding part of the general solution has the form

 

 

 

Example 3 Find the general solution to the given differential equation. 

 

 

 

 

 

 

 

 

 

ANS : The corresponding char
, eqn . is

γ
3
-7 γ=+ 12r = 0

⇒
γ ( r≡ ? r + 12) = 0

⇒r ( r-3 )Cr - 4) = 0

⇒ r , = 0 , γz = 3 , γ3 = 4
1

Ox

⼀ + C2 e
3×+ C3 e

4x

Thus the general solution in Y(x ) =ce

= C . + Cze
3 x
+ Ese

4 x



 

Example 4.

A 9th order, linear, homogeneous, constant coefficient differential equation has a characteristic equation which 
factors as follows.

 

Write the nine fundamental solutions to the differential equation as functions of the variable .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

④
9 linearly independent sols ⼀

⇌

ANS : We considen cach factor appears
inEg Q .

. r
2

= 0 implies the corresponding solutions are

ot

( tcat ) e = C , + at

This gives the fundamental solution

y ,
lt ) = 1

, = lt ) =t r= ]
√

. 173 = 0 gives 3repeatedroots .Then the

corresponding solutions are

C( + (4t + (st' )et
This gives Ys (t ) = et , Yalt ) = tet , Y5

lt=t 'et

—
0= 4i

. (r+ 4r + 832 = 0 ⇒ γ =
- 4 ±63z

2
=
- 2±2i

each repeatedtwice .

The corresponding solution is

(Co + t )e2tcos2 t+ ( Ca + e
2tat) ain 2t

Thus
Yolt) =eos2t , Y, (t ) = tetos2t ,

Yslt ) = e
-2t
ain2t

, Yqtt) = t E
2tcos 2t

.



 

Example 5 Find a general solution the differential equation.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : The corresponding chav
. eqn . is

p
4
+3 γ

3
+ 3 z

2

+ r = 0

⇒ γ ( γ
3
+3z

2

+ 3r + 1 ) = 0 ④

Notice r= - 1 is a solution ,

④⇒ γ ( r - - 1 ) )( γ42r + 1 ) = 0
⼀

Long Division of Polynomials .∞
∞γ2 + 2mt 1

④ ⇒ r (r+1)( r42r + 1 ) = 0
γ+1 ) r3+3r ^43 r + 1

⇒ γ ( r+ 13 = 0 .
3

+ ma

zγ
2

+ 3r + 1

⇒ r , = 0 , z=γ3 =γ4 = - 1 2 zz+2m

γ+ )

Thus the general solution is γ+ 1

o

y (x )= C ,erxf (C + Cax+ C4x
2

) e
^ax

⇒ y (x) = C ,↑+ ( r+ax + ( ux^)ex



 

Exercise 6. Suppose that a fourth order differential equation has a solution .

(a) Find such a differential equation, assuming it is homogeneous and has constant coefficients.

(b) Find the general solution to this differential equation.

 

 


