Lecture 13. Higher-order Linear Equations

In this section, we will generalize the results we discussed in the previous lectures. Here is an outline:
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Higher-order Homogeneous Equations with Constant Coefficients

1. General Solutions of Linear Equations

1.1 Linearly Independent Solutions
Definition of linearly dependent/independent

The n functions fi, fa, -+, f, are said to be linearly dependent on the interval I if there exist constants

c1,Ca, -+, Cp nNotall zero such that
afitefot-+enfn=0

forall zin 1.

The n functions f1, f2,- - -, f, are said to be linearly independent on the interval I if they are not linearly
dependent. Equivalently, they are linearly independent on I if

cafitecfot+--+cenfn=0

holds on I only when



Example 1 Show directly that the given functions are linearly dependent on the real line.
(M) f(z) =3, g(z)=2cos’z, h(z)=cos2z
@) f(z) =5, g(z)=2-3z% h(z)=10+ 15z
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Wronskian of n functions

Suppose that the n functions fi, fa, - -, f, are all m — 1 times differentiable. Then their Wronskian is the
n X n determinant

f1 for [
fi fo - fa
W(w):W(flafZa"’>fn): : ; .
—l 1l -l
e The Wronskian of n linearly dependent functions fi, fo, - -, f, is identically zero.

Idea of the proof:

(o]

(o]

We show for the case n = 2. The case for general n is similar.

If f1 and f; are linearly dependent, then ¢1 f1 4+ c2fo = 0 (%) has nontrivial solutions for ¢; and
¢y (c1 and cq are not all zeros).

We also have c; f{ + cafy = 0 from (x).

Thus we have the linear system of equations

cifi+cafa=0
c1fi +eafy; =0

C1

By a theorem in linear algebra, the above system of equations has nontrivial solutions for { ] if and

C2
only if the determinant of the coefficient matrix is 0, that is,

fi [

=0
f1 12

e So to show that the functions fi, fs,- - -, f, are linearly independent on the interval I, it suffices to
show that their Wronskian is nonzero at just one point of I.




1.2. n-th order linear differential equation
The general nth-order linear differential equation is of the form
Py(z)y™ + Pi(z)y" ) + -+ + Py a(2)y + Pu(a)y = F(2).
We assume that the coefficient functions P;(z) and F'(x) are continuous on some open interval I.
Homogeneous linear equation

Similar to Lecture ? we consider the homogeneous linear equation

v +pi(@)y" V) + - 4 pu 1 (@)Y + palz)y = 0 (2)

Theorem 1 Principle of Superposition for Homogeneous Equations

Let y1, Y2, - - - Y, be n solutions of the homogeneous linear equation (1) on the interval I. If ¢y, ¢ca, - - -, ¢y, are
constants, then the linear combination

Yy=-ciyi1 +cy2+---+cpyn

is also a solution of Eq. (1) on I.

Theorem 4 General Solutions of Homogeneous Equations
Let y1, Y2, - - - Yn be n linearly independent solutions of the homogeneous equation
y™ +p1(@)y" Y + - 4 paca(2)y + pa(z)y =0 (1)

on an open interval | where the p; are continuous. If Y is any solution of Eqg. (1), then there exist numbers
C1,Co,+*+,Cp Such that

Y(z) = c1y1(x) + caya(x) + - - - + cayn(x)

forallzin 1.
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Example 2 Use the Wronskian to prove that the given functions are linearly independent on the indicated
interval.

f(z) =e®, g(x)=cosz, h(z)=sinz;

RQW\OW’L R 3)( 3 moty x

the real line

determiont :

o~ b c
d e §
j h -

e §
h o4

o - b

dZF d e
T

g - 9 k

a(eé—jk) - b(da«jj) + c(dt\-ej)

AN - By the previous poge, we hrow it wj]frces + Shog
thot \/U(j,j,k)io ol just one point on ke

+ C

I

real lines .
5 g9k & (bs x Six
W(j’j'k) - jr 3/ W = ex - Gen¢ CoSx
d” j” k'’ e* - (osx -9 R

f
— (CosX Q L3 x + 5 e -d4mx
—(o4Xx - sAnK

€” -4nx e* - tosx
/

e” (sﬁ%:as’x) — (osx(-e”sinx € s x) 41 *(-Ceos x +C3Y)

ex + 61@*4‘% + e’ tos*x - %asx 4 @ g ¥

| -
e + & (rFws*x) = 3¢ o for ol <€ R -



770(0 —fcx) ,J(X) , Wy) Cue ll‘nemr/g o‘flo&‘)znoaﬁf,

Higher-order Homogeneous Equations with Constant Coefficients

Recall in Lecture 10 and Lecture 11, we talked about 2nd-order homogeneous equations with constant
coefficients of the following form

ay’ +by +cy=0
To solve for y, we first solve for r from the characteristic equation
ar’ +br+c¢ =0,

—b+ vVb?% — 4ac
2a '

Case 1.7, T are real and 1 # 72 (b% — 4ac > 0):

which has roots 71,79 =

General solution: y = c1e"* + coe™”
Case 2.7y, ry arereal and 71 = 7o (b2 — 4ac = 0):
General solution: y = (c1 + cox)e™”
Case 3. 71, 79 are complex numbers (b — 4ac < 0):
We can write 1 92 = A £ Bi.
Az
(

General solution: y = e”* (¢1 cos Bz + ¢ sin Bz)

In this lecture, we will discuss how to solve the general homogeneous equations with constant coefficients of
the form

any™ +an 1y Y 4+ @y + a1y’ + agy = 0 (1)
Similar to 2nd-order homogeneous equations, we look at the corresponding characteristic equation:
ant™ +ap_1r" 4 +ar’ +air+ag =0 (2)
We have 3 cases of the roots for Eq (2).

1. Distinct real roots
2. Repected real roots
3. Complex roots

o distinct

o repeated



The results in Lecture 9 and 10 can be generalized in a natural way:

Case 1. Distinct Real Roots

If the roots 71, 79, - - - , 7, of Eq(2) are real and distinct, then

y(z) = c1e™® + coe™ + -+ - + cpe™®

Case 2. Repeated Real Roots

If Eq (2) has repeated root r with multiplicty &, then the part of a general solution of Eq(1) corresponds to r is

(c1 +cox sz’ + ckackfl)e'"’C

Case 3. Complex Roots

Unrepeated complex roots: If 71 o = A &+ Bi are roots of the characteristic equation, then the corresponding
part to the general solution

y= eAm(cl cos Bx + ¢ sin Bx)

Repeated complex roots
If the conjugate pair a + bi has multiplicity k, then the corresponding part of the general solution has the form

(A1 + Asx + -+ Akmkfl)e(aeri)x + (‘B1 + Bozx + -+ + Bkmkfl)e(afbi)x

— Zﬁ;é zPe (¢, cos bz + d, sin bx)

Example 3 Find the general solution to the given differential equation.
y(3) . 73/” + 12y/ =0
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Example 4.

A 9th order, linear, homogeneous, constant coefficient differential equation has a characteristic equation which
factors as follows.
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Example 5 Find a general solution the differential equation.

y@ +3y® + 3y +y =0
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Exercise 6. Suppose that a fourth order differential equation has a solution y = 9e**x cos(z).
(a) Find such a differential equation, assuming it is homogeneous and has constant coefficients.

(b) Find the general solution to this differential equation.

Solution.

(a) We know a solution is of the form y = 9et*y cos(z), so we can figure out the corresponding root 7 to the
characteristic equation.
Note the scalar 9 does not matter as the equation is homogeneous.

4z

The z in e**z cos(z) means the solution to the characteristic equation has repeated roots and repeated twice.

The part e** cos(z) indicates there is a pair of complex root of type A + iB, where A = 4 and B = 1. Thus
we have r1 5 = 4 4= ¢ with multiplicity 2.

Therefore the charactersitic equation is
(r—(4+14)*(r—(4—1)*=r*— 160> + 987 — 272r + 289 =0

Thus the answer is 7* — 1673 + 9872 — 272r + 289 = 0.

(b) By the Equation (3) after case 3, we have the general solution as

4

y = (c1 + cox)e* sin(z) + (c3 + cq)e* cos(x)



